ABSTRACT. Auslander and Buchweitz have proved that every finitely generated module over a Cohen-Macaulay (CM) ring with a dualizing module admits a so-called maximal CM approximation. In terms of relative homological algebra, this means that every finitely generated module has a special maximal CM precover. In this paper, we prove the existence of special maximal CM preenvelopes and, in the case where the ground ring is henselian, of maximal CM envelopes. We also characterize the rings over which every finitely generated module has a maximal CM envelope with the unique lifting property. Finally, we show that cosyzygies with respect to the class of maximal CM modules must eventually be maximal CM, and we compute some examples.
INTRODUCTION
Let R be a commutative noetherian local Cohen-Macaulay (CM) ring with a dualizing module Ω and denote by MCM the class of maximal CM R-modules. Auslander and Buchweitz construct in [1, Thm. A] a maximal CM approximation for every finitely generated R-module M, that is, a short exact sequence,
where X belongs to MCM and I has finite injective dimension. By a result of Ischebeck [11] one has Ext 1 R (Y, I) = 0 for all Y in MCM, so in terms of relative homological algebra, this means that the homomorphism π : X ։ M is a special MCM-precover of M. A result of Takahashi [13, Cor. 2.5] shows that if R is henselian (for example, if R is complete), then every MCM-precover can be "refined" to an MCM-cover. This result of Takahashi follows from Prop. 2.4 in loc. cit., which the author contributes to Yoshino [17, Lem. 2.2] (written in Japanese). We summarize these results in the following theorem.
(b) If R is henselian, then every finitely generated R-module has an MCM-envelope (also called a minimal left MCM-approximation). Moreover, every special MCM-preenvelope, in particular, every MCM-envelope µ : M → X of a finitely generated R-module M has the property that Hom R (Coker µ, Ω) has finite injective dimension.
We mention that [9, Thm. C] shows the existence of (non-special!) MCM-preenvelopes, but its proof is not constructive: It it a consequence of an abstract result by Crawley-Boevey [5, Thm. (4. 2)] combined with the fact-also proved in [9] -that the direct limit closure of MCM is closed under products. Theorem A above is not only stronger than [9, Thm. C]; our proof-which is modelled on that of [10, Thm. 1.6]-also shows how (special) MCM-(pre)envelopes can be constructed from (special) MCM-(pre)covers.
In Section 4 we compute the MCM-envelope of some specific modules. In Section 5 we turn our attention to MCM-envelopes with the unique lifting property, and we characterize the rings over which every finitely generated module admits such an envelope:
Theorem B. The following conditions are equivalent.
(i) For every finitely generated R-module M, the module Hom R (M, Ω) is maximal CM.
(ii) The Krull dimension of R is 2.
(iii) The inclusion functor MCM ֒→ mod has a left adjoint.
(iv) Every finitely generated R-module has an MCM-envelope with the unique lifting property.
From a homological point of view, maximal CM modules are interesting because every module can be finitely resolved by such modules. More precisely, if d denotes the Krull dimension of the CM ring R, and if M is any finitely generated R-module with a resolution
by finitely generated free R-modules X 0 , X 1 , . . ., then the n th syzygy of M, i.e. the module Syz n (M) = Ker(X n−1 → X n−2 ), is maximal CM for every n d. Actually, the same conclusion holds if X 0 , X 1 , . . . are just assumed to be maximal CM (but not necessarily free); this well-known fact follows from the behaviour of depth in short exact sequences; see Bruns and Herzog [3, Prop. 1.2.9] or Lemma 2.4. Given a finitely generated R-module M, one can not always construct an exact sequence
where X 0 , X 1 , . . . are maximal CM; however, there is a canonical way to construct a complex of the form ( * ). Theorem A guarantees the existence of MCM-preenvelopes, which makes the following construction possible: Take an MCM-preenvelope µ 0 : M → X 0 of M and set C 1 = Coker µ 0 ; take an MCM-preenvelope µ 1 : C 1 → X 1 of C 1 and set C 2 = Coker µ 1 ; etc. The hereby constructed complex ( * ) -which is called a proper MCM-coresolution or an MCM-resolvent of M -is not necessarily exact, but it becomes exact if one applies the functor Hom R (−, Y) to it for any Y in MCM. The module C n = Coker(X n−2 → X n−1 ) is called the n th cosyzygy of M with respect to MCM, and it is denoted by Cosyz n MCM (M). In Section 6 we prove that such cosyzygies must eventually be maximal CM:
Theorem C. Let M be a finitely generated R-module. For every n d the n th cosyzygy, Cosyz n MCM (M), of M with respect to MCM is maximal CM. 
The category of all such R-modules is denoted by MCM. The category of all finitely generated R-modules is denoted by mod.
We recall a few notions from relative homological algebra. 
is an A-precover π with the property that every endomorphism ϕ of A that satisfies πϕ = π is an automorphism.
The notions of A-preenvelope (or left A-approximation), special A-preenvelope (or special left A-approximation), and A-envelope (or minimal left A-approximation) are categorically dual to the notions defined above.
By definition, a special A-precover/preenvelope is also an (ordinary) A-precover/preenvelope. If A is closed under extensions in M, then every A-cover/envelope is a special A-precover/preenvelope; this is the content of Wakamatsu's lemma 1 .
2.3.
It is well-known that the dualizing module Ω gives rise to a duality on the category of maximal CM modules; more precisely, there is an equivalence of categories:
We use the shorthand notation (−) † for the functor Hom R (−, Ω). For any finitely generated R-module M there is a canonical homomorphism δ M : M → M † † , called the biduality homomorphism, which is natural in M. Because of the equivalence above, δ M is an isomorphism if M belongs to MCM; cf. [3, Thm. 3.3.10].
We will need the following result about depth; it is folklore and easily proved 2 . 
SPECIAL MCM-PREENVELOPES AND MCM-ENVELOPES
In this section, we prove Theorem A from the Introduction. Our proof follows that of [10, Thm. 1.6] with some adjustments.
Lemma. For every
3.2 Lemma. For every finitely generated R-module M, the next conditions are equivalent.
(
, the functor (−) † leaves this sequence exact; in fact, the induced short exact sequence
Since X is in MCM we have, in particular, Ext 1 R (X, Ω) = 0, so application of the functor (−) † yields another short exact sequence:
where the last equality follows from Lemma 3.1.
Proof of Theorem A. We begin by proving the last assertion in the theorem. Let µ : M → X be any special MCM-preenvelope of M. By assumption, we have Ext 
where I has finite injective dimension and Z is maximal CM. As Ext 1 R (Z, (Coker µ) † ) = 0, this sequence splits, and (Coker µ) † is therefore a direct summand in I. Since I has finite injective dimension, so has (Coker µ) † .
To prove parts (a) and (b), let M be a finitely generated R-module and let π : Z → M † be a homomorphism with Z ∈ MCM. We will show that if π is a special MCM-precover, respectively, an MCM-cover 3 , of M † then the homomorphism
First assume that π is a special MCM-precover. We begin by proving that µ is an MCMpreenvelope. Note that Z † is in MCM by 2.3. We must show that Hom R (µ, Y) is surjective for every Y ∈ MCM. By 2.3 every such Y has the form Y ∼ = X † for some X ∈ MCM (namely for X = Y † ), so it suffices to show that Hom R (µ, X † ) is surjective for every X ∈ MCM. By definition of µ, the homomorphism Hom R (µ, X † ) is the composition of the maps
Via the "swap" isomorphism, see Christensen [4, (A.2.9)], the homomorphisms in ( * ) are identified with the ones in the top row of the following diagram:
The left square in ( * * ) is commutative since the biduality homomorphism δ is natural, and the right triangle in ( * * ) is commutative by Lemma 3.1. The map δ Z is an isomorphism since Z is in MCM; and Hom R (X, π) is surjective as π is an MCM-precover and X ∈ MCM. It follows that the composition of the maps in the top row of ( * * ), and therefore also the map Hom R (µ, X † ), is surjective. Thus, µ is an MCM-preenvelope. To see that µ is a special MCM-preenvelope, we must prove that Ext 
It follows that µ † and π are isomorphic maps, and hence they also have isomorphic kernels, that is, Ker(µ † ) ∼ = Ker π. It follows that (Coker µ) † ∼ = Ker π. Since π is a special MCMprecover, we now have 
where µ 0 is the corestriction of µ to its image and ι is the inclusion map. As µ 0 is surjective and (−) † is left exact, the map µ † 0 is injective. As Ω ∈ MCM and µ is an MCM-preenvelope, the map µ † = Hom R (µ, Ω) is surjective; and hence so is µ † 0 since µ † = µ † 0 ι † . Thus, µ † 0 is an isomorphism. Hence ι † and µ † are isomorphic maps, and since µ † is surjective, so is ι † . Thus, application of (−) † to 0 → Im µ ι → X → Coker µ → 0 yields an exact sequence,
which forces Ext 1 R (Coker µ, Ω) = 0, as desired. Finally, assume that π is an MCM-cover. We show that µ = π † δ M is an MCM-envelope. We have already seen that µ is an MCM-preenvelope. To show that it is an envelope, let ϕ be an endomorphism of Z † with ϕµ = µ. It follows that µ † ϕ † = µ † . The diagram ( * * * ) shows that µ † δ Z = π, and thus π(δ
As π is an MCM-cover, we conclude that δ −1 Z ϕ † δ Z , and therefore also ϕ † , is an automorphism. It follows that ϕ † † is an automorphism of Z † † † , and finally that ϕ = δ
EXAMPLES
We compute the MCM-envelope of some specific modules. We begin with a characterization of modules with trivial MCM-envelope.
Proposition. For a finitely generated R-module M, one has dim R M < d if and only if the zero map
Proof. If dim R M < d then [3, Cor. 3.5.11(a)] shows that Hom R (M, Ω) = 0. It follows that every homomorphism ϕ : M → X with X ∈ MCM is zero. Indeed, since Ω cogenerates the category MCM, there exists a monomorphism ι : X → Ω n for some natural number n. As Hom R (M, Ω) = 0, the homomorphism ιϕ : M → Ω n must be zero, and thus ϕ = 0 since ι is injective. Since every homomorphism from M to a maximal CM module is zero, the zero map M → 0 is an MCM-envelope of M.
Conversely, if M → 0 is an MCM-(pre)envelope then, since Ω is in MCM, every homomorphism ϕ : M → Ω factors through 0, and hence ϕ = 0. Thus Hom R (M, Ω) = 0, and it follows from [3, Cor. 3.5.11(b)] that one can not have dim
Next we give a somewhat "general" example.
Example.
Let M be a finitely generated R-module. If M † is maximal CM, then the identity homomorphism
The proof of Theorem A shows that the homomorphism µ = π † δ M = δ M , i.e. the biduality homomorphism
Here is a concrete application of the example above. ( f 1 , f 2 , . . .)X where f 1 , f 2 , . . . is an X-regular sequence of length at least two. We claim that, in this case, the inclusion map ι : M ֒→ X is an MCM-envelope of M.
To see why, apply the functor (−) † to the short exact sequence 0 → M ι → X → X/M → 0 to get the exact sequence 
Indeed, δ X is an isomorphism as X ∈ MCM, and ι † † = (ι † ) † is an isomorphism as ι † is so.
Remark.
For a special MCM-precover π : X → M of a finitely generated module M, the kernel Ker π has finite injective dimension, and hence one has Ext 
Note that an MCM-preenvelope µ : M → X with the unique lifting property must necessarily be an MCM-envelope. Indeed, the only endomorphism ϕ of X with ϕµ = µ is ϕ = 1 X .
Lemma.
For any finitely generated R-module M, one has depth R (M † ) min{d, 2}.
where L 0 and L 1 are finitely generated and free. Since the functor (−) † = Hom R (−, Ω) is left exact, we get an exact sequence, 
Proof of Theorem B. (i) =⇒ (ii):
Consider an exact sequence of finitely generated modules
where L 0 and L 1 are free and K = Ker α. From [3, Prop. 1.2.9] (last inequality) one gets
Set C = Coker(α † ) and consider the exact sequence
COSYZYGIES WITH RESPECT TO MCM
Let A be a full subcategory of an abelian category M (for example, M = mod and A = MCM).
Assume that every object in M has an A-precover. In this case, every M ∈ M admits a proper A-resolution i.e. a, not necessarily exact, complex A = · · · → A 1 → A 0 → M → 0 with A i ∈ A such that the sequence Hom M (A, A) is exact for every A ∈ A. Such a resolution is constructed recursively as follows: Take an A-precover π 0 : A 0 → M of M and set K 1 = Ker π 0 ; take an A-precover π 1 : A 1 → K 1 of K 1 and set K 2 = Ker π 1 ; etc. The object K n is denoted by Syz 
induces, by application of the left exact functor (−) † , an exact sequence
As M † is maximal CM, the biduality homomorphism δ M † is an isomorphism, and hence so is δ † M by Lemma 3.1. It follows that Hom R (C 1 , Ω) = (C 1 ) † = 0, so [3, Cor. 3.5.11(b)] implies that dim R (C 1 ) < d. Thus Proposition 4.1 shows that C 1 → 0 is an MCM-envelope of C 1 , and therefore the minimal second cosyzygy of M with respect to MCM is zero:
Hence any second cosyzygy of M with respect to MCM must be maximal CM.
We now prove Theorem C from the Introduction. Dutta [6] shows that if R is not regular, then no syzygy in the minimal free resolution of the residue field k (see Example 6.1) can contain a non-zero free direct summand. The following result has the same flavour, but its proof is easy. Actually, the proof of [14, Prop. 2.6] applies to prove Proposition 6.3 as well, but since it is so short, we repeat it here.
6.3 Proposition. Assume that every finitely generated R-module has an MCM-envelope (by Theorem A, this is the case if R is henselian). Let M be a finitely generated R-module and let n 1 be an integer. The minimal n th cosyzygy, cosyz n MCM (M), of M with respect to MCM contains no non-zero free direct summand.
